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This paper presents a formulation of an approximate spectral element for uniform and tapered rotating Euler–Bernoulli
beams. The formulation takes into account the varying centrifugal force, mass and bending stiﬀness. The dynamic stiﬀness
matrix is constructed using the weak form of the governing diﬀerential equation in the frequency domain, where two dif-
ferent interpolating functions for the transverse displacement are used for the element formulation. Both free vibration and
wave propagation analysis is performed using the formulated elements. The studies show that the formulated element pre-
dicts results, that compare well with the solution available in the literature, at a fraction of the computational eﬀort. In
addition, for wave propagation analysis, the element shows superior convergence.
 2007 Elsevier Ltd. All rights reserved.
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Several important structures such as helicopter rotor blades, turbine and compressor blades, windmill tur-
bine blades and propeller blades can be modeled as rotating beams (Cheng and Xu, 2006; Stephen and Zhang,
2006). Therefore, the dynamic analysis of a rotating beam is an important research topic and several research-
ers have addressed this ﬁeld. The vibration characteristics of rotating structures vary signiﬁcantly from that of
non-rotating structures (Lawther, 2007; Lee and Oh, 2005). This is due to the centrifugal force, which varies
along the length of the structural element. The centrifugal stiﬀening eﬀect modiﬁes the overall stiﬀness of the
beam, which naturally results in the variation of natural frequencies and mode shapes.
Vibration of rotating bodies results from various sources. Most of the vibration sources are extrinsic
anomalies such as unbalance and misalignment and some of the sources are intrinsic factors like bearing or
shaft asymmetries. Another source of excitation are the short duration impact pulses, which are generally0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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* Corresponding author. Tel.: +91 80 22933019; fax: +91 080 23600134.
E-mail addresses: krishnan@aero.iisc.ernet.in (S. Gopalakrishnan), ganguli@aero.iisc.ernet.in (R. Ganguli).
5876 K.G. Vinod et al. / International Journal of Solids and Structures 44 (2007) 5875–5893encountered during a bird hit on the rotorcraft or turbine/compressor blades. Rubbing between the rotor and
stator structure due to distortions generated by thermal gradient or maneuvering loads is of impact type and
can excite many higher modes. Since one cannot perfectly eliminate the causes of vibration, it is very impor-
tant to obtain the vibration characteristics of such structural elements, for arriving at a reliable design which
avoids undesirable phenomena like resonances. Again, the natural frequency prediction is crucial at the design
stage of the turbo-machinery because prototyping and testing costs are exceptionally high and the failure is
generally disastrous in the practical application of these systems.
A simple representation of a rotating beam is a one-dimensional (Euler–Bernoulli or Timoshenko) beam
model. A key feature in the analysis of rotating structural elements is the presence of variable coeﬃcients
in the governing partial diﬀerential equation, which are introduced due to the variation of centrifugal force,
geometry etc. along the beam length. The closed form solution for such equations are diﬃcult to obtain. A
number of solution techniques have been suggested in the literature for the rotating beam problem and many
of them are based on the conventional ﬁnite element method (CFEM) or the exact series solution. Other meth-
ods reported in the literature which need special mention here are the Southwell principle (Boyce, 1956), inte-
grating matrix method (Hunter, 1970), Rayleigh Ritz method (Pnueli, 1972), Galerkin method (Fox and
Burdess, 1979) etc. However, the powerful spectral ﬁnite element approach has not been fully exploited to
solve the rotating beam problem.
Finite element models form the basis of many rotor analysis problems (Thakkar and Ganguli, 2004; Cesnik
and Shin, 2001; Pawar and Ganguli, 2007; Gudla and Ganguli, 2006; Roy and Ganguli, 2005). Several con-
ventional ﬁnite element method based approaches for rotating beams have been discussed in the literature
(Putter and Manor, 1978; Hodges, 1979; Hodges and Rutkowski, 1981; Datta and Ganguli, 1990; Chung
and Yoo, 2002). However, the convergence of the CFEM models depend on the number of elements used.
For problems with short duration pulses, a large size eigenvalue problem needs to be solved, which are com-
putationally prohibitive. Large sized eigenvalue problems are unsuitable for control applications of rotating
beam structures and therefore recent research has focussed on developing models of smaller size for rotating
beams (Wang and Wereley, 2004).
In a typical dynamic analysis of rotor structures such as helicopter rotor blades, up to ﬁve modes need to be
considered and accurately predicted. Modes much higher than the ﬁfth can be excited by an impact loading.
Alternatively, short duration pulses are required, if one has to perform structural health monitoring studies.
Therefore, the accurate prediction of higher frequencies are also very important for certain applications. To
capture the higher order modes accurately, the element length needs to be of the order of the wavelength of
signal. Thus a very large number of elements are required for accurately capturing the higher order modes.
This increases the computational cost of the conventional ﬁnite element method enormously.
Besides CFEM, some researchers (Wright et al. (1982) and Naguleswaran (1994)), have used the Frobenius
method of power series solution of diﬀerential equation for ﬁnding the natural frequencies of rotating beams.
Banerjee (2000) derived the dynamic stiﬀness matrix of a non-uniform, rotating, Euler–Bernoulli beam using
the Frobenius method. He modeled a tapered beam by approximating it as an assembly of many diﬀerent uni-
form beams. Wang and Wereley (2004) presented the dynamic analysis of rotating tapered beams using a low
degree of freedom model. They too used the Frobenius method for solving the variable coeﬃcient diﬀerential
equation and obtained the dynamic stiﬀness matrix in frequency domain. While this study used a single spec-
tral element, as many as 350 series terms were required to solve for the frequencies of a tapered beam. Thus,
the Frobenius method is quite cumbersome and their implementation for practical problems is rather diﬃcult.
Furthermore, the accuracy of the exact solution depends on the number of terms included in the Frobenius
function and it goes up with higher modes, taper, and rotation speed. Therefore, we need an alternative
approach for the element formulation in the frequency domain.
Spectral ﬁnite element method (SFEM) is an eﬃcient technique for solving problems where the frequency
content of the input signal is very high. The spectral formulation requires that the assembled system of equa-
tions be solved in the frequency domain and utilizes the Fast Fourier Transform (FFT) to transform the time
domain responses to the frequency domain and back. Typically, SFEM uses the exact solution of the govern-
ing diﬀerential equation in the frequency domain as the interpolating function for element formulation. As a
result, the spectral element treats the distribution of mass and rotational inertia of the structural element
exactly. In general, for simple problems, only one spectral element needs be placed between any two joints,
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originally proposed by Narayanan and Beskos (1982) and popularized by Doyle (1989). Spectral element
for elementary isotropic waveguides was formulated by Doyle (1988), Doyle and Farris (1990) and higher
order waveguides by Gopalakrishnan et al. (1992) and Martin et al. (1994). Similarly, spectral element for ele-
mentary and higher order composite waveguides were formulated by Roy Mahapatra et al. (2000) and Roy
Mahapatra and Gopalakrishnan (2003). Spectral elements for inhomogenous waveguides were formulated
by Chakraborty and Gopalakrishnan (2003, 2005) and for carbon nanotubes (Chakraborty et al., 2006). These
works show the versatility of SFEM in handling high frequency impact type short duration loads.
As mentioned before, most of the spectral ﬁnite element formulations use the exact solution to the govern-
ing diﬀerential equation as the element interpolating function. In more complicated problems such as a rotat-
ing beam or a beam of varying cross-section or a combination of both, it is very diﬃcult to ﬁnd the exact
solution, as the governing equation for such structures essentially give rise to variable coeﬃcient diﬀerential
equations. Here, we solve this problem using the weak form of the governing diﬀerential equation in which
an assumed interpolating function is used for the transverse displacement. In this context, the method resem-
bles the conventional ﬁnite element method. However in the spectral approach, assembly and solution of the
equation has to be performed at each frequency. The solution is ﬁrst obtained for an unit impulse, which yields
the transfer function as a direct by-product of the approach. The input is then convolved with the system
transfer function to obtain the output in the frequency domain. The inverse FFT of the output will yield
the time domain responses.
In the present work, an eﬃcient spectral ﬁnite element method is developed and used to obtain the natural
frequencies and response of rotating uniform and tapered beams, subjected to a short duration transverse
impact load. The governing partial diﬀerential equation is ﬁrst derived using the Hamilton’s principle. Here,
we use the frequency domain stationary potential energy principle (Gopalakrishnan and Doyle, 1994) to for-
mulate the dynamic stiﬀness matrix of a rotating beam element, where two diﬀerent sets of interpolating func-
tions for the spectral element formulation are used. In the ﬁrst case, we use the exact solution to the governing
equation of a rotating Euler–Bernoulli beam with a constant (maximum) centrifugal force, to generate the
dynamic stiﬀness matrix. This element was discussed in an early work by the same authors (Vinod et al.,
2006) and we call this element as SFER. In the second case, we use the exact solution of the non-rotating
Euler–Bernoulli beam governing equation in the frequency domain, to obtain the element dynamic stiﬀness
matrix. We call this element SFEN. These elements are used to perform both free vibration and wave prop-
agation studies. The results of the free vibration analysis are compared with those available in the literature.
Based on the results several important conclusions are drawn.
2. Governing diﬀerential equation
A rotating blade can be represented as a rotating beam having vibration displacements perpendicular to the
plane of rotation (ﬂapping motion). Considering the elementary theory of beams, the axial and the transverse
displacement ﬁelds are represented asuðx; y; z; tÞ ¼ u0ðx; tÞ  z owðx; tÞox ð1Þ
wðx; y; z; tÞ ¼ wðx; tÞ ð2Þwhere u(x,y, t) and w(x,y, t) are the axial and the transverse displacements, respectively, and u0(x, t) is the mid-
plane axial displacement.
The governing equation can be derived from the Hamilton’s principle where the action integral
R t2
t1
Ldt
assumes a stationary value, i.e.. d
R t2
t1
Ldt ¼ 0, where L is the Lagrangian given asL ¼ ðKE PEÞ ð3Þ
where KE is the kinetic energy and PE is the potential energy. On substituting the kinetic and potential energy
expressions for the rotating beam in Eq. (3) and using the Hamilton’s principle, we get the governing diﬀer-
ential equation for transverse displacement w(x, t) as
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¼ 0 ð4Þwhere E, I(x), T(x), q and A(x) are the Young’s modulus, moment of inertia, axial force due to centrifugal
stiﬀening, mass density and area of cross-section of the beam, respectively.
The axial force due to centrifugal stiﬀening, T(x) is given asT ðxÞ ¼
Z L
x
qAðxÞX2xdx ð5Þwhere X is the rotation speed of the beam.
3. Spectral ﬁnite element formulation
The spectral element here is formulated following the procedure adopted by Gopalakrishnan and Doyle
(1994). For constructing the weak form of the governing diﬀerential equation (Eq. (4)), we ﬁrst write the total
energy of a non-conservative rotating system in transverse motion, in the frequency domain asP^ ¼ eixnt
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ð6Þwhere ½F^ T , fW^ g represents the externally applied nodal force and nodal displacement vectors in frequency
domain, xn the circular frequency of the nth sampling point, and w^n is the spatially dependent Fourier coef-
ﬁcient and g is the damping force per unit length, per unit velocity. According to principle of minimum po-
tential energy in the frequency domain, we have dP^ ¼ 0i:e:; E
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ixnw^ndw^ndx dfW^ g½F^ T ¼ 0 ð7ÞTo obtain the dynamic stiﬀness matrix in frequency domain, we need to substitute an interpolating function
for the transverse displacement w^n in the above Eq. (7). As mentioned earlier, we considered two choices for
the interpolating function and hence two types of elements viz.: the SFER and SFEN are formulated.
3.1. Interpolating function for SFER
To obtain the interpolating function for SFER, we assume the beam to be uniform and replace T(x) by the
maximum centrifugal force, Tmax (Vinod et al., 2006)Tmax ¼
Z L
0
qAðxÞX2xdx ¼ qAX
2L2
2
ð8ÞThis allows us to represent Eq. (4) with damping, as a constant coeﬃcient PDE, which can be written asEI
o4w
ox4
 Tmax o
2w
ox2
þ qA o
2w
ot2
þ g ow
ot
¼ 0 ð9Þwhere g is the damping force per unit length, per unit velocity. The above Eq. (9) is analogous to the ‘‘stiﬀ
string’’ equation where the tension is constant along the length (Rossing and Fletcher, 1995). The exact solu-
tion of this equation, in frequency domain is given asw^nðxÞ ¼ C1neik1nx þ C2neik4nx þ C3neik2nðLxÞ þ C4neik3nðLxÞ ð10Þ
where kpn is the wavenumber, obtained from the relation.
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ð11ÞHere, p represents the modes of wave propagation. The above Eq. (10) is the interpolating function for SFER
in the frequency domain.3.2. Interpolating function for SFEN
Similar to SFER, we can obtain the interpolating function for SFEN, by assuming the beam to be uniform
and non-rotating. This can be obtained by substituting Tmax = 0 in Eq. (9), which then reduces to the formEI
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¼ 0 ð12ÞThe exact solution of the above Eq. (12) can be obtained in the similar form as Eq. (10) and is given byw^nðxÞ ¼ C1neik1nx þ C2neik4nx þ C3neik2nðLxÞ þ C4neik3nðLxÞ ð13Þ
But here, the wavenumber is diﬀerent from the previous case and is given bykpn ¼ 
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where p represents the mode of wave propagation. The Eq. (13) is the frequency domain interpolating function
for SFEN.3.3. Dynamic stiﬀness matrix in frequency domain
In ﬁnite element terms, Eq. (10) and Eq. (13) represents the shape function and obviously it is dependent on
the frequency xn. The shape function is now forced to satisfy the geometric boundary conditions which results
in establishing a relation between the unknown frequency dependent coeﬃcients Cpn, of Eq. (10) and Eq. (13)
and the nodal degrees of freedom. The detailed analysis is given in Vinod et al. (2006) and hence it is not dis-
cussed here. The relation can be written as½C ¼ ½A1fW^ g ð15Þ
We can represent Eqs. (10) and (13) in matrix form asw^nðxÞ ¼ eik1nxeik4nxeik2nðLxÞeik3nðLxÞ
 
Cf g ð16Þ
orw^nðxÞ ¼ ½N fCg ð17Þ
Substituting Eq. (15) in Eq. (17) we get the interpolating functions for the nth sampling frequency in the formw^nðxÞ ¼ ½N ½GfW^ g ð18Þ
Here, G = [A]1 is independent of x. The interpolating functions obtained from the above (Eq. (18)), on
substituting in Eq. (7), we get the corresponding dynamic stiﬀness matrix for SFER or SFEN and is given asE
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0
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ness relation and can be symbolically written as½K^fW^ g ¼ fF^ g ð20Þ
where ½K^, fW^ g and fF^ g are the dynamic stiﬀness matrix, nodal degrees of freedom, input nodal forces, in
frequency domain, respectively. The dynamic stiﬀness matrix obtained is complex and symmetric. Similar
to an eigenvalue problem, the vanishing determinant of the dynamic stiﬀness matrix indicates resonances.
If the assumed amplitude ﬁeld (w^n) is the exact solution for the governing diﬀerential equation, the present
method will yield the exact dynamic stiﬀness matrix. Since it is impossible to ﬁnd the closed form exact solu-
tion for this problem, the accuracy of the FE model can be improved by increasing the number of ﬁnite ele-
ments. Thus, for a rotating beam problem, unlike the usual spectral ﬁnite element approach, the length of the
element is a deciding factor in the accuracy of the solution. For a uniform beam, if n is the total number of
ﬁnite elements each of length le and j is the element under consideration, we can write T(x) and Tmax in discrete
form asT ðxÞj ¼
qAX2
2
ðnleÞ2  ððj 1ÞleÞ2
h i
 qAX
2
2
2ðj 1Þlexþ x2
  ð21Þ
T ðmaxÞj ¼ qAX
2
2
ðnleÞ2  ððj 1ÞleÞ2
h i
ð22ÞThe dynamic global structural stiﬀness matrix is formed from the element stiﬀness matrices, assembled in a
way analogous to that followed in CFEM. The major diﬀerence is that the structural matrix has to be assem-
bled and evaluated for each frequency component up to the Nyquist frequency.
4. Free vibration results
In this section, results of free vibration analysis are presented for both uniform and tapered rotating beams.
The results are obtained for diﬀerent k, varying from 0 to 12, where k is a non-dimensional rotation parameter
deﬁned as, k2 ¼ ð X2EI0
qA0L
4
Þ. The results of the present analysis are compared with Wang and Wereley (2004). Both
cantilever and hinged boundary conditions are considered in the present study, as they correspond to hingeless
and articulated rotor blades (Fig. 1).
4.1. Uniform beam
In this section, we validate the spectral ﬁnite element model using the free vibration results of uniform
rotating beams. To compare the spectral element models, SFER and SFEN, a preliminary convergence study
(Table 1) at the non-dimensional rotation speed k = 12, is performed. The study reveals that SFER has better
convergence than SFEN, although the diﬀerence in the predicted frequencies are small and hence, we will use
SFER for further study in this section. The resonances can be determined by plotting the behavior of the
determinant of the dynamic stiﬀness matrix. A typical plot for uniform beam is given in Fig. 2. Here,
logð1= detðK^ÞÞ of structural dynamic stiﬀness matrix is plotted against x, for diﬀerent rotation speeds. The
results are summarized in Tables 2–5 and they are compared with the values of Wang and Wereley (2004)
and Wright et al. (1982). It can be seen that the correlation of frequency predictions are excellent. The tabu-
lated values up to the ﬁfth mode are obtained from a model which used only 8 elements or 18 degrees of free-
dom. For the same beam, Wang and Wereley (2004) have used 50 terms in the Frobenius series, where as the
number of terms used by Wright et al. (1982) is not mentioned in their paper.
4.2. Tapered beam 1—linear mass and cubic ﬂexural stiﬀness variation
Polynomial variations of both mass and ﬂexural stiﬀness are typically used to model taper in rotating
beams. Here we consider the tapered beam used by Wang and Wereley (2004) for the free vibration analysis.
The mass distribution is assumed linear and is given as
L
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Fig. 1. (a) Spectral ﬁnite element for a beam under rotation, (b) forces acting on an incremental length dx of the rotating beam.
Table 1
Convergence study on the natural frequencies of uniform beam for k = 12, using the spectral elements SFER (rotating beam basis
functions assuming constant(maximum) centrifugal force) and SFEN (non-rotating beam basis functions)
Modes SFER SFEN SFER SFEN Exact
n = 8 n = 16
1 13.1731 13.1731 13.1731 13.1731 13.1702
2 37.6017 37.6113 37.6017 37.6017 37.6031
3 79.6136 79.6328 79.6136 79.6136 79.6145
4 140.5318 140.5702 140.5318 140.5318 140.5342
5 220.5385 220.6056 220.5385 220.5385 220.536
K.G. Vinod et al. / International Journal of Solids and Structures 44 (2007) 5875–5893 5881mðxÞ ¼ qA0 1þ a xL
 h i
ð23Þwhere a = 0.5, which is a taper parameter for mass distribution, A0 is the area of the initial cross-section and
q is the mass density. The ﬂexural stiﬀness variation is given byEIðxÞ ¼ EI0 1þ b xL
 h i3
ð24Þwhere b = 0.5, which is a taper parameter for stiﬀness distribution, I0 is the moment of inertia of the ini-
tial cross-section and E is the Young’s modulus. As before, the convergence of the two diﬀerent models
(SFEN and SFER) is ﬁrst performed and the results are shown in Table 6. The table shows that the con-
vergence of both the models are equally good and the model SFER is used for further study, in this sub-
section. Here, both the elements have got equal convergence because, the bending stiﬀness variation is
comparable or more than the centrifugal stiﬀness variation. Note that the basis functions assume a beam
with uniform properties. The present approach requires 11 elements or 24 degrees of freedom to achieve
matching results for the ﬁrst three modal frequencies using SFER. In contrast, Wang and Wereley
(2004) used 80 terms in the Frobenius series to predict the ﬁrst three modes. The number of terms required
may go up further, for accurately predicting the higher modes. The results are tabulated in Table 7 and it
matches with the literature values.
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Fig. 2. (a and b) Resonant peaks of uniform cantilever beam, (c and d) resonant peaks of uniform hinged beam.
Table 2
Validation of natural frequencies of rotating uniform cantilever beam for diﬀerent non-dimensional rotation speeds, k: modes 1–3
k First mode Second mode Third mode
Present (SFER) Wang Wright Present (SFER) Wang Wright Present (SFER) Wang Wright
0 3.5186 3.5160 3.5160 22.0318 22.0345 22.0345 61.6948 61.6972 61.6972
1 3.6816 N/A 3.6817 22.1852 N/A 22.1810 61.8386 N/A 61.8418
2 4.1417 N/A 4.1373 22.6166 N/A 22.6149 62.2796 N/A 62.2732
3 4.7937 N/A 4.7973 23.3165 N/A 23.3203 62.9891 N/A 62.9850
4 5.5799 N/A 5.5850 24.2752 N/A 24.2734 63.9670 N/A 63.9668
5 6.4523 N/A 6.4495 25.4449 N/A 25.4461 65.2038 N/A 65.2050
6 7.3631 N/A 7.3604 26.8063 N/A 26.8091 66.6898 N/A 66.6840
7 8.3027 N/A 8.2996 28.3403 N/A 28.3341 68.3868 N/A 68.3860
8 9.2614 N/A 9.2568 29.9989 N/A 29.9954 70.2947 N/A 70.2930
9 10.2201 N/A 10.2257 31.7726 N/A 31.7705 72.3847 N/A 72.3867
10 11.1981 N/A 11.2023 33.6421 N/A 33.6404 74.6473 N/A 74.6493
11 12.1856 N/A 12.1843 35.5883 N/A 35.5890 77.0634 N/A 77.0638
12 13.1731 13.1702 13.1702 37.6017 37.6031 37.6031 79.6136 79.6145 79.6145
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In this section, we use a tapered beam with linear variation in both mass and stiﬀness, which is represented
asmðxÞ ¼ qA0 1þ a xL
 h i
ð25Þwhere a = 0.8, which is a taper parameter for mass distribution, A0 is the area of the initial cross-section.
Table 3
Validation of natural frequencies of rotating uniform cantilever beam for diﬀerent non-dimensional rotation speeds, k: modes 4 and 5
k Fourth mode Fifth mode
Present (SFER) Wang Wright Present (SFER) Wang Wright
0 120.8969 120.902 120.902 199.8585 199.860 199.860
1 121.0503 N/A 121.051 200.0119 N/A 200.012
2 121.4913 N/A 121.497 200.4721 N/A 200.467
3 122.2391 N/A 122.236 210.2199 N/A 201.223
4 123.265 N/A 123.261 202.2745 N/A 202.277
5 124.5688 N/A 124.566 203.6168 N/A 203.622
6 126.1412 N/A 126.140 205.2562 N/A 205.253
7 127.9723 N/A 127.972 207.1641 N/A 207.161
8 130.043 N/A 130.049 209.3405 N/A 209.338
9 132.3634 N/A 132.358 211.7756 N/A 211.775
10 134.8848 N/A 134.884 214.4601 N/A 214.461
11 137.6173 N/A 137.6173 217.3843 N/A 217.385
12 140.5318 140.534 140.5342 220.5381 220.536 220.536
Table 4
Validation of natural frequencies of uniform rotating hinged beam for diﬀerent non-dimensional rotation speeds, k: modes 1–3
k First mode Second mode Third mode
Present (SFER) Wang Wright Present (SFER) Wang Wright Present (SFER) Wang Wright
0 0 0 0 15.4165 15.4182 15.4182 49.9694 49.9649 49.9649
1 0.9971 N/A 1 15.6274 N/A 15.6242 50.142 N/A 50.1437
2 1.9942 N/A 2 16.2218 N/A 16.2261 50.6789 N/A 50.6760
3 3.0009 N/A 3 17.1806 N/A 17.1807 51.5485 N/A 51.5498
4 3.9979 N/A 4 18.4269 N/A 18.4313 52.7498 N/A 52.7463
5 5.0046 N/A 5 19.9226 N/A 19.9197 54.2454 N/A 54.2419
6 6.0017 N/A 6 21.5908 N/A 21.5944 56.0095 N/A 56.0099
7 6.9988 N/A 7 23.4124 N/A 23.4133 58.0228 N/A 58.0223
8 7.9959 N/A 8 25.349 N/A 25.3436 60.2471 N/A 60.2513
9 9.0026 N/A 9 27.3624 N/A 27.3601 62.6727 N/A 62.6705
10 9.9997 N/A 10 29.4428 N/A 29.4439 65.2517 N/A 65.2554
11 11.0063 N/A 11 31.5808 N/A 31.5809 67.9841 N/A 67.9842
12 12.0034 12 12 33.7668 33.7603 33.7603 70.8412 70.8373 70.8373
Table 5
Validation of natural frequencies of uniform rotating hinged beam for diﬀerent non-dimensional rotation speeds, k: modes 4 and 5
k Fourth mode Fifth mode
Present (SFER) Wang Wright Present (SFER) Wang Wright
0 104.2532 104.248 104.248 178.2677 178.270 178.270
1 104.4257 N/A 104.420 178.4403 N/A 178.440
2 104.9339 N/A 104.936 178.9485 N/A 178.949
3 105.7872 N/A 105.789 179.7921 N/A 179.794
4 106.976 N/A 106.971 180.9714 N/A 180.970
5 108.4716 N/A 108.469 182.467 N/A 182.469
6 110.2740 N/A 110.270 184.2886 N/A 184.283
7 112.3545 N/A 112.356 186.3978 N/A 186.401
8 114.7034 N/A 114.709 188.8139 N/A 188.812
9 117.3112 N/A 117.313 191.5079 N/A 191.504
10 120.149 N/A 120.146 194.4608 N/A 194.462
11 123.1978 N/A 123.192 197.6726 N/A 197.6730
12 126.4384 126.431 126.431 201.1241 201.122 201.122
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Table 6
Convergence study on the natural frequencies of tapered beam 1 for k = 12, using the spectral elements SFER and SFEN
Modes SFER SFEN SFER SFEN Exact
n = 11 n = 13
1 13.4703 13.4703 13.4703 13.4703 13.4711
2 34.0879 34.0879 34.0879 34.0879 34.0877
3 65.5297 65.5297 65.5297 65.5297 65.5237
Table 7
Validation of natural frequencies of rotating cantilever tapered beam 1 for diﬀerent non-dimensional rotation speeds, k: modes 1–3
k First mode Second mode Third mode
Present (SFER) Wang Wright Present (SFER) Wang Wright Present (SFER) Wang Wright
0 3.8254 3.8238 3.8238 18.3167 18.3173 18.3173 47.2658 47.2648 47.2648
1 3.9883 3.9866 3.9866 18.4749 18.4740 18.4740 47.4192 47.4143 47.4143
2 4.439 4.4368 4.4368 18.9351 18.9366 18.9366 47.8746 47.8716 47.8716
3 5.0909 5.0927 5.0927 19.6829 19.6839 19.6839 48.6224 48.6190 48.6190
4 5.8711 5.8788 5.8788 20.6848 20.6852 20.6852 49.6483 49.6456 49.6456
5 6.7447 6.7434 6.7345 21.9072 21.9053 21.9053 50.9377 50.9338 50.9338
6 7.6555 7.6551 7.6551 23.3069 23.3093 23.3093 52.4669 52.4633 52.4633
7 8.5951 8.5956 8.5956 24.8649 24.8647 24.8647 54.2166 54.2124 54.2124
8 9.5538 9.5540 9.5540 26.5427 26.5437 26.5437 56.1629 56.1595 56.1595
9 10.5269 10.5239 10.5239 28.3211 28.3227 28.3227 58.2865 58.2833 58.2833
10 11.5048 11.5015 11.5015 30.1811 30.1827 30.1827 60.5683 60.5639 60.5639
11 12.4828 12.4845 12.4845 32.1081 32.1085 32.1085 62.9891 62.9829 62.9829
12 13.4703 13.4711 13.4711 34.0879 34.0877 34.0877 65.5297 65.5237 65.5237
Table
Conve
Modes
1
2
3
4
5
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 h i
ð26Þwhere b = 0.95, which is a taper parameter for stiﬀness distribution, I0 is the moment of inertia of the initial
cross-section. Similar to tapered beam 1, it is found that both the spectral elements are equally good in con-
vergence (Table 8) and as before, SFER is used for further analysis. Analytical predictions up to the ﬁfth mode
(Tables 9–12) are obtained for cantilever and hinged boundary conditions using SFER. The spectral model
had 20 elements with a total of 42 degrees of freedom. For the same beam, Wang and Wereley (2004) had used
350 terms in the Frobenius series for the analysis.
The frequency predictions obtained from our work matches very well with the literature values. From these
results, it is obvious that the present formulation (both spectral element models) require lesser computational
eﬀort compared to other approaches. Wang and Wereley (2004) used 50, 80 and 350 terms in the Frobenius
series where as the present formulation used 8, 11 and 20 elements for the uniform beam, tapered beam 1 and8
rgence study on the natural frequencies of tapered beam 2 for k = 12, using the spectral elements SFER and SFEN
SFER SFEN SFER SFEN Exact
n = 20 n = 22
14.0295 14.0295 14.0295 14.0295 14.0313
35.9079 35.9079 35.9079 35.9079 35.9064
72.8579 72.8579 72.8579 72.8579 72.8565
126.40 126.40 126.40 126.40 126.401
196.8864 196.8864 196.8864 196.8864 196.880
Table 9
Validation of natural frequencies of rotating cantilever tapered beam 2 for diﬀerent non-dimensional rotation speeds, k: modes 1–3
k First mode Second mode Third mode
Present (SFER) Wang Wright Present (SFER) Wang Wright Present (SFER) Wang Wright
0 5.2731 5.2738 5.2738 24.0068 24.0041 24.0041 59.9772 59.9708 59.9701
1 5.3945 5.3903 5.3903 24.1091 24.1069 24.1069 60.0681 60.0703 60.0696
2 5.7269 5.7249 5.7249 24.4159 24.4129 24.4130 60.3685 60.3676 60.3669
3 6.2382 6.2402 6.2402 24.9144 24.9148 24.9149 60.8607 60.8598 60.8590
4 6.8901 6.8928 6.8928 25.6047 25.6013 25.6013 61.5382 61.5420 61.5412
5 7.6443 7.6443 7.6443 26.4612 26.4580 26.4581 62.4075 62.4078 62.4069
6 8.4625 8.4653 8.4653 27.471 27.4692 27.4693 63.4493 63.4494 63.4483
7 9.3317 9.3347 9.3347 28.6215 28.6184 28.6185 64.6573 64.6579 64.6566
8 10.2393 10.2379 10.2379 29.8871 29.8893 29.8894 66.0251 66.0238 66.0222
9 11.1597 11.1651 11.1650 31.2676 31.2667 31.2669 67.5335 67.5370 67.5351
10 12.0157 12.1092 12.0192 32.7377 32.7367 32.7369 69.1825 69.1875 69.1851
11 13.0644 13.0657 13.0657 34.2845 34.2868 34.2871 70.9594 70.9653 70.9622
12 14.0295 14.0313 14.0313 35.9079 35.9060 35.9064 72.8577 72.8604 72.8565
Table 10
Validation of natural frequencies of rotating cantilever tapered beam 2 for diﬀerent non-dimensional rotation speeds, k: modes 4 and 5
k Fourth mode Fifth mode
Present (SFER) Wang Wright Present (SFER) Wang Wright
0 112.9138 112.892 112.909 183.0295 183.473 183.024
1 113.0097 112.992 113.009 183.1317 183.576 183.124
2 113.310 113.290 113.307 183.4258 183.887 183.424
3 113.8022 113.784 113.803 183.9243 184.404 183.923
4 114.4925 114.472 114.492 184.621 185.127 184.619
5 115.3745 115.351 115.372 185.5094 186.055 185.509
6 116.4419 116.414 116.439 186.596 187.186 186.591
7 117.6883 117.658 117.685 187.8679 188.520 187.862
8 119.0608 119.075 119.107 189.3188 190.055 189.316
9 120.6987 120.659 120.696 190.955 191.793 190.950
10 122.450 122.403 122.446 192.7639 193.734 192.759
11 124.3547 124.298 124.350 194.7389 195.882 194.737
12 126.400 126.336 126.401 196.8864 198.243 196.880
Table 11
Validation of natural frequencies of rotating hinged tapered beam 2 for diﬀerent non-dimensional rotation speeds, k: modes 1–3
k First mode Second mode Third mode
Present (SFER) Wang Wright Present (SFER) Wang Wright Present (SFER) Wang Wright
0 0 0 0 16.7332 16.7328 16.7328 48.4674 48.4696 48.4691
1 0.9971 1 1 16.8738 16.8711 16.8711 48.5889 48.5876 48.5872
2 2.0006 2 2 17.2828 17.2793 17.2794 48.9404 48.9399 49.9395
3 3.004 3 3 17.9348 17.9389 17.9388 49.522 49.5214 49.5210
4 4.0011 4 4 18.7232 18.8233 18.8233 50.3274 50.3239 50.3234
5 4.9982 5 5 19.9034 19.9022 19.9022 51.3372 51.3366 51.3360
6 6.0017 6 6 21.1434 21.1456 21.1456 52.5427 52.5471 52.5463
7 6.9988 7 7 22.524 22.5259 22.5260 53.9386 53.9415 54.9405
8 8.0023 8 8 24.0196 24.0194 24.0195 55.5045 55.5054 55.5042
9 8.9994 9 9 25.6047 25.6059 25.6060 57.2239 57.2245 57.2230
10 9.9964 10 10 27.2665 27.2690 27.2692 59.0838 59.0847 59.0828
11 10.9935 11 11 28.9922 28.9953 28.9956 61.0716 61.0727 61.0700
12 12.0034 12 12 33.7755 33.7741 33.7745 63.1744 63.1758 63.1722
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Table 12
Validation of natural frequencies of rotating hinged tapered beam 2 for diﬀerent non-dimensional rotation speeds, k: modes 4 and 5
k Fourth mode Fifth mode
Present (SFER) Wang Wright Present (SFER) Wang Wright
0 97.1713 97.1599 97.1704 162.9996 163.277 163.002
1 97.2799 97.2717 97.2823 163.1133 163.388 163.111
2 97.6187 97.6062 97.6172 163.4457 163.723 163.438
3 98.1748 98.1611 98.1727 163.9825 164.281 163.983
4 98.9418 98.9324 98.9450 164.7432 165.059 164.741
5 99.9261 99.9147 99.9287 165.7147 166.055 165.771
6 101.1149 101.102 101.117 166.8907 167.268 166.889
7 102.5083 102.485 102.504 168.2713 168.695 168.269
8 104.0806 104.058 104.079 169.850 170.333 169.847
9 105.8319 105.809 105.835 171.6205 172.180 171.618
10 107.7621 107.730 107.762 173.5763 174.236 173.573
11 109.8522 109.810 109.850 175.7111 176.500 175.708
12 112.0956 112.040 112.090 178.0185 178.978 178.105
Table 13
Convergence study on wave propagation response, using spectral elements SFER and SFEN
Beam X = 1000 X = 3000 X = 6000 X = 8000 X = 10000
R N R N R N R N R N
Uniform, L0.6m n= 4 7 13 24 18 32 20 34 21 37
Taper 2, L0.6m n= 25 25 25 25 25 27 25 30 25 35
Taper 2, L1.2m n= 45 45 49 58 58 74 61 84 65 95
R: SFER, N: SFEN
5886 K.G. Vinod et al. / International Journal of Solids and Structures 44 (2007) 5875–5893tapered beam 2, respectively. The basic diﬀerence between the proposed method and the method by Wang and
Wereley (2004) lies in the choice of interpolating function. Wang and Wereley (2004) used the series solution of
the variable coeﬃcient governing diﬀerential equation, obtained using the Frobenius method, as the interpo-
lating function. A single element was used to get the modal frequencies. However, since the Frobenius series
have inﬁnite terms, the accuracy of the solution depends on the number of terms used. The number of terms
required in the power series increases depending on the modes, taper and the rotation speed. Again, the gov-
erning equation is of fourth order and four terms need to be separately expanded using the power series.0 0.5 1 1.5 2 2.5
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Fig. 3. (a) Input force pulse (b) FFT of the input force pulse.
Table 14
Beam properties of uniform beam
Length, m 0.6
Cross-sectional area, m2 240 · 106
Moment of inertia, m4 2000 · 1012
E, GPa 200
Mass density, kg/m3 7840
K.G. Vinod et al. / International Journal of Solids and Structures 44 (2007) 5875–5893 5887Furthermore, the exact solution should be made available for each sampling frequency/iteration, up to the
Nyquist frequency. Also, if our interest is in higher modes, which is quite common in structural health mon-
itoring applications, the Nyquist frequency selected should be suﬃciently high. Unlike the series solution of
Wang and Wereley (2004), here, we exploit the advantages of the variational principle and FE procedure
to formulate an approximate SFEM that has convergence comparable to Wang and Wereley (2004). Next
we will see how these elements perform for wave propagation studies, where the fast convergence of higher
modes is very critical for accurate response estimation.0 1 2 3 4 5 6
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Fig. 4. Impact response convergence of uniform beam, L0.6m (a) X = 1000 rad/s (b) X = 8000 rad/s (c)X = 10,000 rad/s; tapered beam 2,
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5.1. Convergence study
A short duration unit impact pulse with high frequency content, as shown in Fig. 3a is applied at the beam
tip for getting the impact response. Fig. 3b shows the FFT of the pulse or the input amplitude spectrum. The
K.G. Vinod et al. / International Journal of Solids and Structures 44 (2007) 5875–5893 5889general procedure for obtaining the wave propagation response is as follows. First, the input loading is fed
into a FFT program to obtain the force spectrum, which is read in and stored. The dynamic stiﬀness matrix
is generated for all the elements and assembled and solved for unit impulse, which gives the system transfer
function. Note that all these operations of element stiﬀness matrix generation, assembly and solution have
to be performed for each sampled frequency. This is not a major issue since the system size involved in SFEM
is very small. The obtained transfer function is then convolved with the input force spectrum to obtain the
required output in the frequency domain. Inverse FFT of the output will give the time domain response.
As done in the earlier section, the two elements, SFER and SFEN are used for studying the convergence of
the wave propagation response. Properties of the uniform beam considered in this section are given in Table
14. The taper parameters of the tapered beam 2 is same as mentioned earlier with E, q, I0 and A0 values equal
to that of uniform beam. The elements are compared for the convergence on response peaks and the time of
reﬂection (Fig. 4). The number of elements required for convergence for uniform beam and tapered beam 2
with lengths of 0.6m, at diﬀerent rotation speeds, are given in Table 13. Also, a case of tapered beam 2 with
a length of 1.2m is presented, to study the eﬀect of the length of the beam on the convergence for a given taper.
The study reveals that the SFER gives faster convergence than SFEN especially at higher speeds. The two
spectral elements are equally good when the bending stiﬀness and the centrifugal stiﬀness distributions are
comparable, as in the case of short beams. But in situations like high rotation speeds, long beams or long
beams rotating at high speeds, SFER model is found to be superior to the SFEN model. In general, we
can say that the SFER is a better choice, when the centrifugal stiﬀness variation dominates the ﬂexural stiﬀness
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Fig. 5. Impulse response of uniform beam for various rotation speeds.
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Numerical results for wave propagation response of rotating beams are now obtained using SFER. The
uniform beam and tapered beam 2, each of length 0.6m are taken to illustrate the wave propagation behavior
and wave propagation response of the beams. Properties of the uniform beam and tapered beam considered
here is the same as that given in the previous section. The wave propagation response analysis of the beams for
diﬀerent rotation speeds bring out the diﬀerence in wave propagation behavior of the beam qualitatively.
From Figs. 5 and 6, it is obvious that, as rotation speed increases, the spectrum relation becomes non-disper-
sive. The gradual evolvement of this behavior is illustrated in these ﬁgures and is due to the relatively dom-
inant contribution of the centrifugal term in the expression for wavenumber (Eq. (11)). Also, the peak of
the velocity response marginally dips at high rotation speed X, due to the eﬀect of centrifugal stiﬀening which
has been introduced into the stiﬀness matrix through the energy approach. Again, for the tapered beam 2, for
a given rotation speed, the velocity peak is higher than that of the uniform beam due to the reduced bending
and centrifugal stiﬀness of the tapered beam. However the overall behavior of uniform and tapered beams are
similar.6. Conclusion
The rotating beam vibration analysis problem is formulated using the spectral ﬁnite element method.
The governing diﬀerential equation for a rotating beam is arrived at using Hamilton’s principle. The weak
form of the governing equation, obtained through the principle of minimum stationary potential in
K.G. Vinod et al. / International Journal of Solids and Structures 44 (2007) 5875–5893 5891frequency domain is utilized to formulate the dynamic stiﬀness matrix. The natural frequencies are
obtained from the determinant plot. Here, we used two interpolating functions in the frequency domain
for the transverse displacement ﬁeld and are used to formulate two diﬀerent spectral elements (SFER and
SFEN). SFER includes the eﬀect of centrifugal stiﬀening in an approximate sense whereas SFEN ignores
it. The convergence study on frequency predictions shows that both the elements converge in a similar
fashion for tapered beams. However, for uniform beams, SFER converges better, since only centrifugal
stiﬀness variation is present along the beam length. The natural frequency predictions obtained for the
uniform and tapered, cantilever and hinged beams are compared with the literature values and are found
to agree very well.
The beam is then subjected to an impact load and the wave propagation response is analyzed for diﬀerent
rotation speeds. The study reveals that at high rotation speeds, the beam behaves non-dispersively. Also, the
velocity response amplitude decreases with the rotation speed. A convergence study is performed to assess the
quality of the two formulated spectral elements. It is seen that, the SFER converges faster than SFEN, espe-
cially for higher rotation speeds, long beams or long beams rotating at high speeds. It can be concluded that
the SFER is a better choice for problems where the centrifugal stiﬀness variation dominates the bending stiﬀ-
ness variation, because it captures the physics of centrifugal eﬀects better.
The present approach provides a computationally eﬃcient and simple way of obtaining the natural fre-
quencies and response of a rotating beam, unlike the other methods suggested in the literature. Even for
very high rotation speeds, the number of elements required is quite low. The method becomes especially
useful when the higher modes are required such as for impact response analysis and structural health mon-
itoring studies.0 2 4 6 8 10
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Fig. 6. Impulse response of tapered beam 2 for various rotation speeds.
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